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differential equations are expressed in terms of Caputo type fractional derivative. An
approach based on the Runge-Kutta methods including second, third and fourth orders
with the aid of finite difference approximation. Further, we suggested an algorithm for
Fractional Differential these methods and for each algorithm the Computer program in MatLab was written in
Equation general forms. Finally, several illustrative examples are presented to show the
Caputo derivative effectiveness and accuracy of this method.
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Introduction

The idea of this work is to provide a numerical technique for solving a nonlinear Integro-Fractional Differential
Equations (IFDE) of positive arbitrary all-orders are less than one for Volterra-Hammerstein (V-H) type with
variable coefficients in the general form for all t € [a, T']:

n-1 m t
DU + ) i) B + po(u®) = F©) 44 Y [ He5) 34 (5. 60fu))ds
i=1 £=0q
Under the following initial condition:
u(ty =a) =up (2)

Where u(t) is the unknown real function which is a solution of equation (1) under the initial condition (2), the
functions K, € C(S,R) and H, € C(S,xR,R); with(S={(t,s):a<s<t<T}; (S,={sta<s<
t;t<T}); £=0,1,..,mand f,p;:[a,T] » R;i=0,1,2,---,nareall real continuous functions. In addition,
a;,Br ERT,0<aq;,By<1forall i =1:n and £ = 1:m with property that: a,, > a,_; > =+ > a; > ag =
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0; B > Bm—1> > B1 > Bo =0and A is a scalar parameter.ng’ Denotes the Caputo fractional derivative
of ordery € R*,y < 1.

Our interest in equations (1-2) arises from its applications as a model for physical phenomena and
bioengineering [8, 10, 20]. Volterra-Hammerstein is one of important types, which is generalization of cases
arrives in various branches of applications such as free electron laser and heat conduction in materials with
memory [9, 18].

Actually most nonlinear integro-fractional differential equations (IFDEs) of Volterra-Hammerstein (V-H)
type with variable coefficients do not have exact analytic solutions, therefore approximate and numerical
techniques must be used. One of the popular methods for solving differential and integral equations is Runge-
Kutta method. The origins of Runge-Kutta methods are used to find the numerical solution of initial value
problems [5,7, 12, 21], and many researchers uses it in various orders to approximate the solution of integral
and integro-differential equations [1, 3, 16]. Moreover, Ahmed [2] applied it to solve numerically system of
linear VIFDEs.

In this study, we discuss the numerical solution of equation (1) by good algorithms based on the Runge-
Kutta method including second, third and fourth order [4, 15], finite difference approximation [2] and Caputo
fractional derivative [22]. Finally, computer package programs are written in MatLab for above algorithms.

Basic Preliminaries:

For the convenience of the reader, we present here the necessary information’s from fractional calculus and
auxiliary facts of R-K methods. This information’s can be found in the resent literature.

A. Fractional Calculus [13,17,19,20]

Fractional calculus deals with the differentiation and integration of arbitrary order, many definitions of it have
been proposed. We adopt Caputo’s definition, which is a modification of the other definitions and has the
advantage of dealing properly with initial value problem, for the concept of the fractional derivative. Here we
discuss the definition and important properties of such a type of fractional derivative, which are used throughout
this paper. We begin by defining the function space C,,y € R, which was used in development of the operational
calculus for the differential operator.

Definition 2.1: [19]

A real valued function u defined on [a, b] be in the space C, [a, b] , ¥ € R, if there exist a real number p >y,
such thatu(t) = (t — a)Pu.(t), whereu, € C[a, b], and itis said to be in the space C}*[a, b] if and only if u(™ €
Cyla, b],n € N,

Definition 2.2: [13, 20]

Letu € C,[a,b],y = —1and a € R*. Then the Riemann-Liouville fractional integral operator ,/¢of order a of

a function u, is defined as:
t

Jiu(®) = f

a

(=@

@ dé ,a>0

and when a = 0, we have ,J/u(t) = u(t).
Definition 2.3: [20, 22]
The Caputo fractional derivative operator {D# of order « € R* of a functionu € C™[a,b]andm —1 < a <
m,m € N is defined as:
aDfu(t) = JI* Dt u(t)
Thus for « = m,m € Ny, and u € C™[a,b], we have for all <t <b ; SD2u(t) =u(t) ; SDMu(t) =
D™u(t)
Note that: [13, 17, 20, 22]
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H are _ N\L-1 — I'(B) _ \fra-1
i. Fora>0andpg > 0,then J&(t—a) _F(B+a)(t a) :

ii. Foralla>0,8=0andu(t) € Clably = —1then:  JEJPu(t) = J° Jeu®) = JFPu(e)

iii. {DFC = 0; C is any constant; (@ = 0,a & N)

iv. Assume that u € C™[a,b] ; a=0,a¢N and m = [a] then {DZu(t) is continuous on [a,b],
and [GDfu(t) Je=q = 0.

v. Leta>0,m = [a]and u € C™[a, b], then, the relation between the Caputo derivative and R-L integral
are formed:

x)
D JEu(t) =u(®) ; ast<h & EDFu() = u(®) - TP E@ ¢ — )k

The three basic propositions it is necessary to our work are presented here:

Proposition 1: [22]

Suppose that a > 0;m = [a] and the a-Caputo derivative for power function u(t) = (t — a)? for some g >
0, formulate as:

0 if B €{0,1,2,,m—1}
aDfut) =4 TB+1) (t — a)B—c if BENand B =m
r+1—a orfé&€Nandff>m-—1

B. Auxiliary Facts [4, 6, 14, 15]
Classes of algorithms called explicit Runge-Kutta methods is popular in practice and have been studied in
profoundly. The origins of R-K methods for the approximate solution at the points t, =a+rh,r =1,2,...,N
of the initial value problem:
du
- = F(tu®) 5 ulto) =
Depend on generating some intermediate points in [t,, t,,4]; 7 = 0: N — 1 these points are symbolized by t, +
6,h ; v=12,...,p—1(@>1;p€Z*) and 0 =6, < 6; <--<6,_, =1. The general p-stage Runge-
Kutta methods for the above initial value problem is defined by:
p—1
Uy =Ur T h Apt’f(tr + 6,h, ur+6g) 3)
£=0

v—1
ZA _{9], , v=12..,p—-1
LA U R v=
£=0 p

The parameters A,, and &, are chosen in practice to yield a final approximation of specified order [11]. In
the preceding method we have expressed u,.,; in terms of previously calculated.

Before starting the investigations, it is necessary to give some basic two propositions that are proved in [2]
which are basic in our works:

Where

Proposition 2:
The finite difference approximation of Caputo derivative for 0 < @ < 1 at defines points t = t, .4 ;7 =
0,1,..,N—1andh = (b—a)/N,isformed as

e«
iDfu(ty ) = mz[u(tr—jﬂ) - ”(tr—i)] bj*
7=0
where  bff = (j + 1)17% — j17@

Proposition 3:

For any p-stage of R-K methods with 6;’s (j =0,1,...,p —1) suchthat0 =0, <60, <--<6,_; =1.The
Caputo fractional derivative of order 0 < a < 1 for any smooth function u(t) on [a, b], can evaluate it at any
pointst = t, + 6,h foreachr =0,1,...,N — 1 withv =1,2,...,p — 1 by formula:
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[SDfu(t)] t=t,+6,h

1p-2
e -1
= T—w Z Z[u(t +0p11h) — u(t; + 0,0)| bG 1y jysv—rp)-1
=0 £=0
v—1
) [t +0540k) = u(ty + 61)] by
j=0

where  bf = (j + 1)1~* — j1=« for all positive integer numbers j and positive real numbers a.

Solution Technique:
In this section, some new algorithms are presented for treating nonlinear IFDEs of V-H type (1-2) using Runge-
Kutta method of various order with aid of finite difference approximation. Recall equations (1 to 2) for 0 <
max{[a,],[Bm]} <1 and setting t=t,=a+rh ; h= b;}—a ; (N>1); forall r=1,2,..,N with
take p,(t) = 1, that is

m r—1at(+Dh

z P [EDF O], + PouCe) = Fe)+2 3D | @ (s, ) ds
£=0j=0 qa+jh
Now, by applying proposition (2) for left hand side and equation (3) for above integral part, we obtain the

following equation to determining an approximation of u(t,.) foreachr = 1,2,---, N:
r—1

Epl(m oo [Z [uCtr) = ultr )]

m r-—1

=ft,)+ 1 ZZ Z ApKo(a+rh,a+ (j+ 6,)W)H, <a + G +60)h, [CDﬁgu(s)] —t,+0 h> )

bt + po(t)u(t,)

Applying proposmon (3) to evaluate ,-Caputo fractional part at each points ¢; + 6, h, we get equation (5) as:
CD Bt’
[a $ u(S)]S=tj+9Lh
j—1p-2

_ e-nIF
- F(Z Be) ZZ [Cti + Opesah) —ults +0kh)] 10 DU-D+EL-K)-1

i=0 k=0

+ Z[u(tj + 0:01h) —u(t; + 6;0)]bP, )
Now, for t € (t,, t,,1) We may write equation (1) in the following form:

> pi®) EDFu(®) + po(Du(®
i=1

=f(t)+AZ[Z t"“s@(t.s) # (5., 50Eeucs) ) ds + f ivw,s) m(s,anws))ds] ©)

Thensettingt =t + 6,h ;v =12,...,p — 1; and using proposition (3) for left hand side of equation (6), then
approximating the final integral in above equation by:

tr+6,h
f K, (t, + 0,h,s) H, (s , ngfu(s)) ds
ty

v—1

=h Z AvLjC{’(tr + th ’ tr + eLh):H‘f (tr + gl‘h' [ng{}u(s)]s—t +0 h)
L =lr L

So, the Runge-Kutta method for nonlinear IFDE of V-H type of the form (1) may be expressed as:
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r—1p—2

[h/(p — D)]”
Zpl(t +6,h) r?z ~ ) ZZ [u(t) + O1h) —u(ty + Oeh)]bgy 1)y o-e)-1

j=0 =0

+ Z[u(t +641h) —u(ty + G;h)]byE ;| + polty + O,R)u(t, + 6,h)

mrlpl

= F(t, +O,h) + /’lhz Z Z A Koty + Oyh, ty + 0, h)FE, (tk +0,h, [SDFu(s)]

s=tp+6 h)
£=0| k=0 L=0 kToL

v—1

+ z A Ko(tr + O,h, t, + O,R) Ly (tr +6,h, [ng"u(s)]
L=0

(7

S=t-r-+9Lh>

For all v=1,2,..,p — 1;and u(ty) = uo (is given). For suitable choice to the parameters A,, and 6,in
equation (7), the following particular methods are given:

A. Second order Runge-Kutta method:

Here, we take the order of Runge-Kutta method p = 2, and we have the following parameters [2, 11]:
0p=0, 61=1, Ajp=1, and Ay = Ay =7

Now, putting above parameters in equation (7) with noting that v has only one value which is one, and for
allr =0,1,..., N — 1; we obtain the following formula:

Zpl(t D=y Z[u(t +h) —u(t)]bE ) + [ty + ) —u(t)] |t + polty + Wut, + )
= f(t, + h)
Ah
+= { Z [xf(t +hyt) Hy (tk [5Dfeu(s)] )
S=ty
24
+ Ko (t, + h, ty + h) F (tk +h,[$DEu(s)] ) ]
s=tx+h
+ chf(tr + h, tr) }[f (tr ’ [nggu(S)]s=t ) } (8)
where bf* = (j + 1)'~* — j'~*. Now, suppose for each r = 0,1, . —1and i =0,1,..,n.wesymbolize:
ey
r—p. _
n
A= (10)
i=1
For easy to use we will denote Dg = [ngfu(s)] ;thenforall r =0,1,..., N — 1 equation (8) equivalent

S=t€
to the following formula:
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("qr + Cg) u(tr+1)

r—1 n
= Ay u(t) = ) [u(tyen) - u(t)] (Z ¢t ﬁ“,) + f(tr41)
j=0 i=1

m r-1

Ah
+5 Z{?@(tm, ti) Ho(ti , DE) + Kp(trsr, tiwr) Fo(terr Dipr)}

t’Ok

- Ahz Ko(tran, ) Ho(tr, DE) (11)
£=0

With given starting values from the initial condition u(t,) = u,. Furthermore, the formula (11) is explicit
multistep formulas.
B. Algorithm of Two Order Runge-Kutta Method (ARKM2)
The approximate solution of multi-order nonlinear IFDE of V-H type with variable coefficients (1-2) by using
second order Runge-kutta method with the aid of finite difference approximation can be summarized by the
following steps:
Stepl:

i- Let h="2; NeNandty =a+kh (k=0:N).

ii- Set uy = u(ty) [given from equation (2)].
Step2: Forallr=0,1,..,N—1:

i- Evaluate C/ foreachi = 0,1,...,n. by equation (9).

ii- Compute A, by applying equation (10).
Step3: Foreach# =0,1,...,mand k = 0,1, ..., r calculate: D[#,k] = [ng"u(s)] from the proposition 2.

S=ty

Step4: Foreachr =0,1,..., N — 1using step (2, i) and step 3 to compute the following:
i Blr] = — 2i2d[u(tien) — u(t)] (Za €7 bE;) with B[0] = 0
ii. R[] = A TP o Kot t,) Ho(tr , D[E,7])
Step5: Compute u(t,,,) foreachr =0,1,...,N — 1 from:
(Ar + Co) ultys1) = Ar ulty) + F(try1) + Blr] + R[r].

where
m r-—1

Ah
F(O) = fO +5 ) > 13t ti) Holti, DI D) + Ko, tirr) Heltirs DIk + 1)
£=0 k=0
with putting  bf = (§ + 1)'"* =174 & =0,1,2,-

C. Third order Runge-Kutta method:
Here, we take the order of Runge-Kutta method p = 3, and we have the following parameters [2, 11]:
1
00:0 ,91=§,02:1, and

1

1 2
A10=E,Azo— —1,431 =2,45, = 3:1‘130=1‘132=g-

Now, putting above parameters in equation (7) with noting that v have two values 1 and 2. For easy to work
we denote Dg = [ngfu(s)]sztEand using proposition (2), (3) respectively; forall » = 0,1, ..., N — 1 we obtain

the following two iterated equations for v equal to 1 and 2 respectively:
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Forv=1
h
{A’”Z +CY (2)}u(tr +6,h)
= A u(t,)

r—1
- St o) -] (Yo er (3) i
j=0 i=1
c h
+ [u(tje) — u(t; + 6,h)] (Z cr (-) o 1)} + f(6+5)
m r—1 =
Ahz x ! )}[ Df )+ 4% ! " 3 "
+Z { f(tr+§.tk {’(tk' k)+ {’(tr‘l'i’tk‘l'E) e(tk+§; k+91)
£=0 k=0
m
h Ah h ¢
+ K, (t +ootet h) Ho(trsr, Disr) } qu (tr + tr) H,(t, , DY) (12)
£=0

Forv=2
{Ar + CE (WY utyyr)

= A" u(t, + 6,h) — [ult, + 6,h) — u(t,)] (Z cr(h) bff)

i=1
r—1

D it o)=Y e )

]_

+ [u(tis1) — u(t; + 6,h)] (Z C{ (h) byg,._ ])>}+ f(trs1)
m r-1

£ h h £
+ ?Z Z{?Q(trﬂ, tre) Ho(tr , DE ) +45C, (tr + h,ty + E) H, (tk +5 Dicve, )
£=0 k=0

+ Kt i+ ) (b1, D)

h h
—AhZ{w(trH, ) #o(6r D) = 25 (0, 4 5) Ho (645 ,DEg )} (13)

Whereb“—(]+1)1“ j17. Let, foreach r = 0,1, .. N—lz—handh/Zand =0:n.

o [h/2]-<
@ =pilty + Dig5—ay (14)
=ZC{ @) (15)
i=1

With given starting values from the initial condition u(t,) = uy. Furthermore, the formulas (12 and 13) are
explicit multistep formulas.

D. Algorithm of Third Order Runge-Kutta Method (ARKM3)

The approximate solution of multi-order nonlinear IFDE of V-H type with variable coefficients (1-2) by using
third order Runge-kutta method with the aid of finite difference approximation can be summarized by the
following stages:

Step 1:
i- Let h="C; NeNandt,=a+kh(k=0:N).
ii- Set uy = u(ty) [given from equation (2)].
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Step 2: Forallr=10,1, ...,N—1withz=§ , h:

i- Evaluate C] (z) foreach i = 0,1, ..., n. by equation (14).
ii- Compute AZ by equation (15).

Step 3: Foreach £=10,1,...,mand k = 0,1, ...,r calculate:
D[, k] = [ngf’u(s)] and D[4,k + 04] = [CDﬁfu(s)] from the proposition (2 and 3).
S=tg

s= tk+91

Step 4: Foreach r =0,1,...,N — 1 using step (2, i) and step (3) to compute the following:
r—1

LB=-) {[u(t,- +0,) — u(t)] (Z i (3) bé’ér—ﬂ)

j=0
n

+ [ty — u(t; + 6:1)] (Z cr (g) bggr_j)_l)} with B,[0] = 0

i=1
ii. Rq[r =3 Z?C,g (t += ) H,(t,,D[E,7])
Step 5: Calculate for each r=01..,N—-1

3 u(tr+91h>=;h){ AV u(t) + Balrl + Ralr] + P, + ).

CA£/2+-65(7

ii. Bolr] = —[u(ty + 6,1) — u(t,)] <Z ¢7 (h) bf‘f)

r—1

-2 it o -l Y crem i)

J

+ [u(t; + h) — u(t; + 6,h)] (Z CT(h) b _ ]))}

h h
iii. R,[r] = —Ahz {ch(trﬂ, t,) He(t, ,D[E,1r]) — 2K, (trﬂ, t, + 5) Hp (tr + 5 ,D[£, 7 + 64] )}
f:

Step 6: Compute u,,; = u(t,,,) foreachr =0,1,...,N — 1 from:
{A} + CE (W} u(tyr1) = AP u(ty + 01h) + By[r] + Ry[r] + F(t, + h)
where

F(t)=f(t) + fhi Z {.‘]Q(t, t) Ho(ty ,D[L, k] ) + 45, (t, t, + g) H, (tk +E ,

2
£=0k=0
+ 3, (E ty + 1) Fo(ty + b D[E, K + 1])}
with putting bg = (§ + D@ —¢gl-e. £=0,1,2,-

DI, k +91])

E. Fourth order Runge-Kutta method:
Here, we take the order of Runge-Kutta method p = 4, and we have the following parameters [2, 11]:

1 1 1
00:0 '91:9225'93=1’A10=E’A20=0’A21:§

1
Agg =A31 = 0,43, = 1, Ayg = Asz ==

JAgr = Agy =
5 41 42

W] =
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Now, putting above parameters in equation (7) with noting that v have three values 1,2 and 3. For easy to work
we denote Dg = [ngf’u(s)] and using propositions (2) and (3) respectively. Thus; forall r = 0,1, ..., N —
S=t§

1 we obtain the following three iterated equations for v = 1, 2 and 3 respectively:

Forv=1
{al" + ci)} utt, +61h)

= A% u(t,)

r—1

_ ;{[u(t' +6:h) —u(t;)] <an: (_) 3“ ”)
( cr (3) b:a_j)-l)

+ [u(tyes) = ulty + 6,1)] (Z r (3) bs“ér—n—z)} 1 (i +3)

=1

+ [u(t; + 62h) — u(t; + 6,h)]

PIES h , h o h ho,
+ ?Z {7@ (tr + E,tk) Hy(t , DE ) + 25, (tr +oo bt E) H, (tk +5  Diso, )
h ho, h .
Sy + E) H, (tk + Z;Dsz) + Ko (tr + > tk+1> }[{’(tk+11Dk+1)}

m
Ah h f
+ > K, tr+2,tr H,(t,,DE) (16)

Forv=2
92h r
{o‘lr +CO(92h)} u(t, + 6,h)
= A%" u(t, + 6,h)

r
r—1

—;{[u(tﬂf@lh)—u(tj)] (2 ( ) 30— 1)+1>

i=1
= /h
i=1
A\ o h
— [u(t, + 6:h) — u(t,)] Z cr (3) b5 )+ £ (6 +3)
m r—1 =1
Ah h , h h ho,
+ ?Z {:}Q (tr + 5,@) Ho(ty , DL ) + 25, (tr +50 b+ E) H, (tk +5 Dicve, )
£=0 k=0
h h h .
+2X, (tr +otk 5) H, (tk +5 Dk+92) + X (f +5 tk+1) }[f(tk+1v2)k+1)}
AhC h D
+ 2N 5 (6424 2) He (b +3 DL, (17)
£=0
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Forv=3
{A} + CE (WY u(tysq)

r—1 n
- Sl o) -] (Y 1 85
j=0 i=1

+ [u(t; + 02h) — u(t; + 6,h)] (Z cr (h) b;"(ir_jm)
i=1
+ [u(tjs1) —u(t; + 6;1)] <Z cr(h) b;"("r_].))} — [u(t, + 6:h) — u(t,)] <Z cr(h) b§i>
i=1 i=1
— [u(t, + 6,h) —u(t, + 61h)] <Z Ci (h) bfi) + f(tr+1)
i=1

A~ , h ho,
+ 2 D Kb, ) ot DE ) + 25 (b4, i+ 5) He (1 +5 Dy, )

h h
+ 2K | tryns tie + E) Hy (tk + E;D£+92) + 5o (tr i1 tiesr) Ho(ter1, Disr) }

m
h h
+ Ahz K, (tr+1) t, + E) H, (tr + E )D£+92> (18)
£=0

where b = (j+ )% —j17* for0 < a < 1,Let, foreachr =0,1,..,N—1 and i =0,1,..,n;z =
h/2 and h:

h/3]"%
€/ (2) = pi(ty + 2) —F[(z/—] - (19)
Af= ) ([ (2) (20)
2

with given starting values from the initial condition u(ty) = u,. Furthermore, the formula (16, 17 and 18) are
explicit multi-step formula.

F. Algorithm of Forth Order Runge-Kutta Method (ARKM4)
The approximate solution of multi-order nonlinear IFDE of VV-H type with variable coefficients (1-2) by using
fourth order Runge-kutta method with the aid of finite difference approximation can be summarized by the
following stages:
Step 1:

i. Let h="C; NeNandt,=a+kh(k=0:N).

ii. Set uy = u(ty) [given from equation (2)].

Step2: Forallr=0,1,..,N —1withz=h/2 and h:
i. Evaluate C] (z) foreachi = 0,1, ..., n. by equation (19).
ii. Compute AZ by equation (20).

Step 3: Foreach £ =10,1,...,mand k = 0,1, ...,r calculate:
DIt k] = [SDf'u(s)| i Dlek+6:] = [EDfu(s)] and
S=ty

S=tk+6,

D[tk +6,] = [ngf’u(s)] from the propositions (2 and 3).

s=tk+0,
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Step 4: Foreach r =0,1,..., N — 1 using step (2,i) and step (3) to compute the following:

BT = _2{[u(t,. +6.1) - u(t)] (Z cr(3) b5 )
+ [ulty + 621) — u(t; + 6,1)] (Zl cr (3) %, j)_1>

O (A o
+ [u(tjs1) —u(t; + 620)] (Z cl (E) by j)_z)}with B;1[0] =0

i=1

ii. Rq[r Ahzxg(t +- )}[{;(tr,D[#,r])

Step 5: Calculate for eachr =0,1,..,N -1

. 1 6 h
Lo u(ty +6:h) = W{ Shu(t,) + Bilr] + Ry[r] + F(t, + 5)}.
0

ii. By[r] = —[u(t, + 6,;h) — u(t,)] <Zn: cr (g) bfi)

i=1

Z{[ua k) - u(t) (Z cr(5) 5

J

+ [u(t; + 8,h) — u(t; + 6,h)] (2 cr (—) “ D)

=1

b [ulten) — uy + 8,0)] (Zc )t )|

i

h h h
iii. R,[r]= 72%3 (tr +E,tr +E) H, (tr +Z ,D[¢,r + 91]>
£=0

iv. u(ty +6;h) = A%Mu(t, + 0.h) + Bylr] + R, [r] +T<tr + g)}

A% 4 CT(6,h) {

n

v. By[r] = —[u(t, + 6,h) — u(t,)] <z cr(h) b“’) [u(t, + 6,h) — ue, + 6,1 > Cr(h) b“‘)
i=1 i=1
-1

{[u(t +6:h) — u(t;)] (Z C7 () b _ M)
j=0
+ [u(t; + 6;h) — u(t; + 6:1)] (z CT () b% _ ])H)
+[u(ty1) — u(t; + 6,0)] <Z cr(h) b 1))}
h h
vi. Ra[r AhZS‘Q(TH,t + )m(t 3, [&r+92])
Step 6: Compute u,q = u(ty4q) foreachr =0,1,...,N — 1, from:

{A} + CE (W} u(tysr) = Al u(t, + th) + B3[r] + Rs[r] + F(tr41)
where
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[ury

T

A~
FO=fO+2

6
£=0 k=0

h h
+ 2K, (¢, ty + E) H, (tk + E,D[{’, k+ 92]> + Fp(t, tyy1) Ho(tys1, D[, k + 1])}

With putting b§ = (§ + D7 = §17%; £ =0,1,2,-

h h
{:}Q(t, ty) Ho(ty , D[, k]) + 2K, (t, t, + 5) Hy (tk + > ,D[%, k + 64] )

Numerical Examples:

Here, some numerical examples were presented for nonlinear IFDE of V-H type with variable coefficients using
Runge-Kutta method (order two, three and four). Their results are obtained by applying previous algorithms
with running programs.

Example (1): We first consider a higher-order nonlinear IFDE of V-H type with variable coefficients, for
fractional order lies in (0,1):
ED2u(t) + 35D%u(t) + sinh(t) u(t)

2
= () + ft{sl_zt [8D§"75u(s)]4 + (st? — 1)[%;D50'5u(s)]2 + es”u(s)} ds
0
where

f@® =

—4 11
r.1)

2et 16 (t7 t*
t14 4 (1 — 2¢2) sinh(t) — ———— ¢® { —} —3ef +3e”

" T(2.4) rz25) " T T225)|5 %

>

>

Table-1:
four:

— 4te?t + 2t%e?t

Together with initial condition: u(0) =1 ; 0 <t < 1. While the exact solution is u(t) = 1 — 2t2.

Take N=10,h=0.1andt, =a+rh, r=0,12,..,N.

RKZ2: from equations (9) and (10), wheren = 2, forallr = 0,1,---, N — 1 the following is obtained:
A, = 21810204002 ; C{ = 13.4607259769; C; = 8.34947802518

RK3: from equations (14) and (15),where n = 2, forall r = 0,1,---, N — 1 the following is obtained:

A, (z) = 35.98332227

C{(z) = 20.4026453604 ;C;(z) = 15.5806769192 forz = h/2 and h
RK4: from equations (19) and (20), where n = 2 ,forallr = 0,1,---, N — 1 the following is obtained:
A,(z) = 48.4643901859
C{(z) = 26.0220337702; C5(z) = 22.4423564157 forz = h/2 and h
Contain the values of Cj(z) forallr =0,1,--,N — 1; z = h/2, h for R-K method of order two, three, and

T(z) in RK2

T(z) inRK3 & RK4

z=nh

z=h/2

z=h

© 00 N O U1 b W N =R O

0.100166750
0.2013360025
0.3045202934
0.4107523258
0.5210953054
0.6366535821
0.7585837018
0.8881059821
1.0265167257
11752011936

0.0500208359
0.1505631331
0.2526123168
0.3571897294
0.4653420169
0.5781516037
0.6967475261
0.8223167319
0.9561159599
1.0994843179
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Table-2: presents a comparison between the exact solution and numerical solution by Runge-Kutta methods (order
2,3and 4), also including least square error and running time.

t Exact solution

Numerical Solution

RK2 RK3 RK4

0 1.0 1.0 1.0 1.0
0.1 0.98 0.968284098284 0.97469760863 0.976983906805
0.2 0.92 0.899042545557 0.910621060864 0.914700951482
0.3 0.82 0.791214318239 0.806940721636 0.812693176454
0.4 0.68 0.644319498355 0.66334276569 0.670803604843
0.5 0.5 0.457966574316 0.479658471165 0.488921519461
0.6 0.28 0.231600487601 0.255842470767 0.26692612808
0.7 0.02 —0.03578768713 —0.0079300078881 0.00463995100652
0.8 -0.28 —0.345981594717 —0.31093779951 —0.298239309545
0.9 -0.62 —0.70141372106 —0.650837847666 —0.642287846988

1 -1.0 —1.10301743139 —1.01977486336 —1.02904048148

LS.E 3.14941346 e — 002 4.64070292 e — 003 2.37750015e — 003
R.Time/Sec 8.757339 31.301046 70.615406

Table-3: shows the least square errors and running times (elapsed time) for Runge-Kutta Methods (order 2, 3 and 4) with
different values of steps size h .

h 0.1 (N =10) 0.02 (N = 25) 0.01(N =50)
RK M LS. E R.Time/Sec LS.E R.Time/Sec LS.E R.Time/Sec
3.14941346 7.7069411 2.833247
RK2 8.75733 53.76878 222.01782
e —002 e—003 e—003
4.64070292 1.3627669 5.33190326
RK3 31.30104 248.66199 1601.4360
e —003 e—003 e— 004
2.37750015 5.6207306 2.1072918
RK4 70.61540 746.708480 7651.16816
e —003 e —004 e —004

Example (2): Consider a higher-order nonlinear IFDE of V-H type with variable coefficients on the closed

interval[0,1]:
t

CD2ay(t) + 3ED%u(t) + (1 + t2)u(t) = f(t) + f {ZStze{SZB 6037 u)} 4 (1 4 5e2) {ngu(s)}z}ds
0
Where
f(t) = mtz(l—@ + th—a’ +tr—1-— @LJ {er‘(3323)t2 _ 1}
4 tS—ZB t8—ZB
_FZ(B—B){5—2ﬁ+6—2ﬁ}

With initial condition:
If 0<aandpB <0.5thenu(0) =-1.
If 0.5<aorp <1thenu(0)=-1, u'(0)=0 .
While the exact solutionis  u(t) =t?> —1
Takea=0.4,=0.3, N=10,h=01andt, =a+rh, r=012,..,N:
» RK2: from equations (9) and (10), wheren = 2, forall r = 0,1, ---, N — 1 the following is obtained:
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A, = 15.30563167; C{ = 8.43372114484;C; = 6.8719105251
» RKa3: from equations (14) and (15),where n =2, forall »r = 0,1,---, N — 1 the following is
obtained:
A, (z) = 23.0930529251
C{(z) =11.1283617679 ;C5(z) = 11.9646911573 Forz = h/2 and h
» RKA4: from equations (19) and (20), where n = 2 [forallr = 0,1,---, N — 1 the following is
obtained:
A,(z) = 29.63693739207
C{(z) = 13.0878328303; C3(z) = 16.5491045618 For z = h/2 and h
Table-4: Containing all value of CJ(z) forallr =0,1,---,N — 1,and z = h, h/2 for R-K method of order two, three
and four respectively.
Cl(z) iNnRK2 Ch(z) inRK3 & RK4

<

z=h z="h/2 z=h
0 1.01 1.0025 1.01
1 1.04 1.0225 1.04
2 1.09 1.0625 1.09
3 1.16 1.1225 1.16
4 1.25 1.2025 1.25
5 1.36 1.3025 1.36
6 1.49 1.4225 1.49
7 1.64 1.5625 1.64
8 1.81 1.7225 1.81
9 2.0 1.9025 2.0

Table-5: presents a comparison between the exact solution and numerical solution by Runge-Kutta methods (order 2, 3and
4), also including least square error and running time.

. Numerical Solution
t Exact solution

RK2 RK3 RK4
0 -1.0 -1.0 -1.0 -1.0
0.1 —0.99 —0.985906928316 —0.988114570591 —0.989135623697
0.2 —0.96 —0.953278173894 —0.957014247459 —0.958708991471
0.3 -0.91 —0.901398343624 —0.906178815421 —0.90842351806
0.4 —0.84 —0.830042502245 —0.835448226443 —0.838216958632
0.5 —0.75 —0.739163195056  —0.744723948559 —0.74806796336
0.6 —0.64 —0.628837037082 —0.633906867107 —0.637972968387
0.7 —0.51 —0.499299567417 —0.502866673981 —0.507944698682
0.8 —0.36 —0.351073928681 —0.351421253488 —0.358021458944
0.9 -0.19 —0.185303990284 —0.179347220279 —0.188292406412
1 0.0 —0.0046697270716  0.013464384070 0.001032871815
LS E 7.15157383 e — 004 5.320032 e — 004 2.804159e — 005
R.Time/Sec 6.180762 22.500890 54.038023
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Table-6: shows the least square errors and running times (elapsed time) for Runge-Kutta Methods (order 2, 3 and 4) with
different values of steps size h .

h 0.1 (N =10) 0.02 (N = 25) 0.01(N =50)
R-KM LS E R.Time/Sec LS E R.Time/Sec LS E R.Time/Sec
RK2 7.1e5i507034§3 6.18076 il_g(())(())i 37.51380 8'Zi5§§;4 153.6725
RK3 553000035 22.50089 33_4832 190.2310 26233%90852 1354.556
RK4 2e281)?0559 54.03802 8(;9?%%661 628.65185 3'679_93524 6846.8866

Example (3): Consider a higher-order nonlinear IFDE of V-H type with variable coefficients:
ED&u(t) + 2(cos(t) — sin(t))§DF02u(t) + etu(t)

=f(t) + fot {F3(3 —B)(s®—1) [SDSBu(s)]3 + sTet [ng_o'zu(s)]2 + sin (%53 —s+ t) u(s)} ds

where

JIORE:

_z t27 4+
B—-a)

4
r3.2—a)
£64-2B ot

(6.4 —2B)2(3.2—-h)

while the exact solution is

If 0.2<aandpB <1 thenu(0)=-1

If 12<aorf <2

(cos(t) —sin())t?2~* + et (t? — 1) — 8{

£3
+ cos <§) — cos(t)

u(t) = t? — 1 , together with initial condition:

thenu(0)=-1, u'(0)=0

t—3B+8
—3,6’+9_—3,8+7}

Takea =0.65,8=0.45N=10,h=0.1andt, =a+rh, r=012,..,N.

» RK2: from equations (9 and 10), wheren = 2, forallr = 0,1,---, N — 1 the following is obtained:

5.0124319064

C; =

» RKa3: from equations (14 and 15),where n = 2, forall »r = 0,1,---, N — 1 the following is obtained:
C;(z) = 7.86534873123 forz = hand h/2

» RK4: from equations (19 and 20),where n = 2 ,[forall r =0,1,---, N — 1 the following is obtained:
C;(z) =10.2371083848 forz = hand h/2
Table-7: Containing all value of C§ , C] and A, forallr =0,1,---,N — 1, for R-K-2 method.

r cl cr A,

0 1.1051709180 5.6767325886  10.6891644951
1 12214027581 4.9552370023  9.9676689087
2 13498588075 4.1842303258  9.1966622322
3 1.4918246976 3.3714162030  8.3838481094
4 1.6487212707 25249160039  7.5373479104
5 1.8221188003 1.6531876788  6.6656195853
6 20137527074 0.7649412488  5.7773731553
7 22255409284 —0.1309482211 4.8814836852
8 24596031111 —1.0255292999 3.9869026065

9 2.7182818284 —1.9098636288 3.1025682776
Table-8: Containing all value of CJ(z) , C{ (z) and A,.(z) forall r = 0,1,---, N — 1, for R-K-3 method and = h/2 .

) i3 (3

<

0 1.05127109638 8.21897189971 16.08432063094
1 1.16183424273 7.27093601164 15.136284742873
2 1.28402541669 6.25025133439 14.11560006562
3 1.41906754859 5.16711621187 13.03246494310
4 1.56831218549 4.03235297218 11.897701703409
5 1.73325301787 2.85729979451 10.72264852573
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6 191554082901 1.65369742179 9.519046153019
7 2.11700001661 0.433571851069  8.2989205823007
8 2.33964685193 —0.790885826265 7.074462904966
9 2.58570965932 —2.00744123386 5.8579074973756

Table-9: Containing all value of CJ(z), C{ (z) and A, (z) forall r =0,1,---, N — 1, for R-K-3 method and z = h.

Table-10: Containing all value of C{'(z), C{ (z) and A, (z) forallr =0,1,:--,N — 1, for R-K-4 methodand z =h/2 .

2.0137527074
2.2255409284

1.04494054001

—0.178880541695

8.91028927123766
7.6864681895359

r Co (h) ¢i(h) Ar(h)

0 1.1051709180 7.75464524296 15.6199939741

1 1.2214027581 6.76905322692 14.63440195815

2 1.3498588075 5.71582706859 13.5811757998256
3 14918246976 4.6054902556 12.47083898682

4 1.6487212707 3.44913690634 11.314485637569
5 1.8221188003 2.25832092124 10.123669652475
6

7

8

9

2.4596031111
2.7182818284

—1.40091430815
—2.60895060193

6.46443442307679
5.25639812930401

r

=)

()

(3

0 1.05127109638 9.86412488894 20.1012332737062
1 1.16183424273 8.7263251114 18.9634334961606
2 1.28402541669 7.50133477788 17.73844316264
3 1.41906754859 6.20139358687 16.43850197163354
4 1.56831218549 4.83949012105 15.07659850581
5 1.73325301787 3.42923206966 13.666340454426
6 1.91554082901 1.98471026499 12.22181864975357
7 2.11700001661 0.520357891408 10.75746627617039
8 2.33964685193 —0.949193726219 9.28791465854372
9 2.58570965932 —2.40926131389 7.827847070867

Table-11: Containing all value of C{(z),C{ (z) and A, (z) forallr =0,1,---,N — 1, for R-K-4 method and z = h.

r

Co ()

¢i ()

Ay (h)

O© 0 O Ul W N - O

1.1051709180
1.2214027581
1.3498588075
14918246976
1.6487212707
1.8221188003
2.0137527074
2.2255409284
2.4596031111
2.7182818284

9.3068561469
8.1239828077
6.8599373177
5.5273496016
4.1395344354
2.7103584095
1.2541013783

19.5439645316
18.3610911924
17.0970457024
15.7644579864
14.3766428202
12.9474667943
11.4912097631

—0.21468621927
—1.68132874318
—3.13117198605

-144 -

10.0224221654
8.55577964158
7.10593639871



JZS-A Volume 23, Issue 2, December 2021

Table-12; presents a comparison between the exact solution and numerical solution by Runge-Kutta methods (order 2,
3and 4), also including least square error and running time.

Exact Numerical Solution
solution RK2 RK3 RK4
0 —-1.0 -1.0 —-1.0 —-1.0
0.1 —0.99 —0.986979291148 —0.988258207752 —0.9894281888
0.2 —0.96 —0.955092266204 —0.95734057057 —0.9592038859
0.3 —-0.91 —0.903727729192 —0.906708958329 —0.9090786387
0.4 —0.84 —0.832665915405 —0.83626865651 —0.8390171075
0.5 —0.75 —0.74180682188 —0.745998891667 —0.7490075080
0.6 —0.64 —0.631148443014 —0.635872558438 —0.6390406527
0.7 —0.51 —0.500861368263 —0.5057736274 —0.5091019679
0.8 —0.36 —0.351441396779 —0.355357602936 —0.3591698772
0.9 —0.19 —0.183943088883 —0.183818750028 —0.1892243858
1 0.0 —0.000368811900 0.0103947821687 0.0007391054
LS E 4.6540541 e — 004 2.5357834 e — 004 7.3245567 e — 006
R.Time/Sec 8.631298 30.254972 71.696136

Table-13: shows the least square errors and running times (elapsed time) for Runge-Kutta Methods (order 2, 3 and 4)
with different values of steps size h .

. 0.1 (N = 10) 0.02 (N = 25) 0.0L(N = 50)
R-KM  LS.E R-Time LS.E R.Time LS.E R.Time
/Sec /Sec /Sec
4.6540541 1.13306 3.720853
63129 49339 223.45131
RKz T 0 8631208 L) 54933 o 3.4513
2.5357834 3.918257 9.7522997
RK3 7077 0% 30254072 U 00T 24550199 T T 189920312
7.3245567 1.66223681 5.69750175
RKa U700 7ieg61se UTCDT 7ssacat ) T 71357011

Conclusion:
In general, finding the exact solutions of multi-order nonlinear integro-fractional differential equations
(IFDEs) is difficult and needs more mathematical computation or mostly impossible. In this work, the Runge-
Kutta method of order two, three and four is generalized and applied to Volterra-Hammerstein type and the
order of Caputo derivatives in the range of (0,1), which is a good model for nonlinear IFDE’s with non-constant
coefficients.
For each order of R-K method, a computer programs (MatLab) was written and several examples were
included for illustration. For the comparison of computing accuracy and speed the least square error and running
time of the associative program are given in tabular forms, from which the following points are concluded:
1. The numerical experiments have shown that the fourth order Runge-Kutta method is the most popular
method that gives the best approximation to the exact solution amongst the other orders.
2. We get a good accuracy if we choose N sufficiently large (small step size).
3. Runge-Kutta method of second order is faster, and lower in accuracy, than the other orders.
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